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SUMMARY 

This report describes a method for determining the currents and voltages 
with which the radiating elements of a ring aerial must be driven in order to produce 
a specified radiation pattern, a process often referred to as radiation pattern 
synthesis. In the method described, the radiation pattern is specified in terms of 
the field strength required in five horizontal directions. The application of the 
method to the practical case of a ring of dipoles mounted on a cylinder is illus- 
trated with an example. Althourfh the method does not necessarily lead to the most 
economical design of aerial it is of interest since it illustrates the difficulties 
involved in the sjmthesis of an aerial to meet a prescribed radiation pattern. It 
is possible that a more economical aerial design maybe achieved by modification of the 
method described in this report; further investigations to this end are contemplated. 

1. INTRODUCTION 

When designing aerials for very-high-frequency (v.h.f. ) broadcasting, care 
must be taken to ensure that the powers radiated in certain directions do not exceed 
certain specified values," this is necessary to ensure that interference with other 
stations broadcasting in the same channel does not occur. At the same time, the 
aerial must give adequate coverage in its own service area. The maximum permissible 
and minimum desirable field strengths can be conveniently displayed in polar form as 
a templet comprising two closed figures. The horizontal radiation pattern (h.r.p. ) 
of a v.h.f. broadcasting aerial must often satisfy somewhat stringent requirements 
and, although satisfactory radiation patterns can usually be obtained on a trial and 
error basis by calculating the performance of aerial arrangements which appear to 
be suitable, this can be a time-consuming process even when an analogue computer is 
available. The investigation described in this report was undertaken in an attempt to 

determine the aerial design by direct calculation from the radiation pattern require- 
ments. 

The radiation pattern of any aerial, however complex, may be determined if 
its radiating currents are known, but the converse problem (generally known as 
synthesis) of finding the current distribution which will produce a given radiation 
pattern is much more difficult. To simplify the problem, certain assumptions are 
usually made about the phase variation of the radiation pattern, for example a 
particular relationship between the feeds to the aerial elements may be postulated. 
This is undesirable and may lead to an uneconomic aerial design, because the phase 
variation of a radiation pattern is generally of no practical interest; it is the 
amplitude variation which is significant. 



In the method described in this report no restriction is placed on the 
phase of the radiation pattern, but the problem is simplified by limiting to five 
the number of real coefficients which specify the current or voltage distribution. 
This limitation restricts us to the synthesis of simple radiation patterns; these 
exist, however, in sufficient variety to enable many practical requirements to be 
satisfied. More complicated patterns could naturally be obtained by using more than 
five feed coefficients but the synthesis problem would then be much more difficult 
to solve. 

The method may be applied to rings comprising any type of element whose 
radiation pattern is symmetrical both in amplitude and phase about a line joining 
the element with the ring centre. Suitable elements include rings of dipoles placed 
around a conducting cylinder; the individual dipoles may be either parallel to the 
cylinder axis or tangential to the circumference of the ring. It is equally 
applicable to rings of axial or circumferential slots in conducting cylinders. 

In applying the method, the magnitude of the required field strength is 
specified in five directions. Although an infinite number of radiation patterns 
satisfying the specified values exist, the technique described in this report leads to 
a single pattern whose shape depends on the relationship between these values. 
Should the shape of this pattern not be entirely satisfactory for the requirements of 
the templet in directions other than those with specified field strengths, it may 
often be improved by making a fresh choice of the five specified values. 

When an acceptable pattern has been obtained the current or voltage dis- 
tribution of the ring aerial is determined. The aerial is initially assumed to 
contain an infinite number of elements and the required current or voltage distri- 
bution derived is therefore a continuous function of the angular position around the 
ring," it is analogous to the aperture distribution of a linear aerial. In general, 
four such distributions, all of which result in the same radiation pattern, can be 
obtained. The continuous distribution is then simulated (in the sense of a 'best 
approximation') by a finite number of elements with appropriate feeds and the extent 
to which the pattern deviates from the one originally specified is determined; the 
amount of deviation which can be tolerated determines the number of elements which 
are required. It is in this replacement of a continuous distribution of radiating 
elements by a finite number of elements that the weakness of the method lies. 
Although it is possible to satisfy a wide variety of templets, the number of radiating 
elements required is usually greater than the number which are found to give a 
satisfactory result by the trial and error method. 

2. DESCRIPTION OP THE METHOD 

Consider a radiating element P on a ring, as showa in Fig. 1. If the 
radiation pattern of the element in the plane containing the ring is symmetrical in 
amplitude and phase about OP, the pattern may be referred to the centre of the ring 
and written in the form 

Kq + KxCoacp+ ^2Cosg<^+ ... + K^cosmcp+ ... (1) 

where Kq, K.^, K^ etc, are complex coefficients and cf} is the angle measured from the 
direction OP. 



Suppose now that we have a ring of n equally spaced and co— phased radiating 
elements. Let the complex feed coefficient of each element be Uq/ti] this can con- 
veniently correspond to the loop current in the case of a dipole and the loop voltage 
in the case of a slot. Then if n is sufficiently large, the radiated field will be 
constant in all directions and equal to UqKq. Higher order terms (of order n, gra 
etc.)may be neglected since the coefficients £ invariably diminish in amplitude as m 
increases. 



Fig. I 
Co-ordinate system 




Consider now a similar ring in which the elements are driven with equal 
amplitudes but with a phase which advances progressively round the ring by an amount 
equal to cp„ If the feed to the element at <^ = is u^/n, the feed to the other 
elements is u^e^'^'/n and the radiation pattern is then equal to ^u^K-^e^'*', provided 
sufficient elements are used.* 

Similarly we may consider a third ring with an anti— clockwi se phase 
rotation. If the feed* to its elements is w.^e"-'''/?! the radiation pattern willbe 
iu .^K i^e- J 4) . 



If the three rings are now superimposed the feed to the elements is given 



ty 



u/n = [uq + u-^e + u .^e'^'^'i /n 
and the radiation pattern will be equal to 



(2) 



(3) 



Since the absolute phase of the radiation pattern is arbitrary we may 
specify Wq^o ^s a positive real quantity and write the pattern in the form 



vAiere Aq is real and positive and 2 and R are complex. Thus 

^o = "o^O) 2 = iwii'i, R - §ti.i^i 

The radiation pattern may also be written in the form 

^ = ^O + '^iOos<?!)+ 5j^sinc/)+ jLc^cos^ + Z)isin<^] 



(4) 



(5) 



(6) 



Although <i> denotes the szlmuthal angle It Is also used here to denote the phase of the ring 
element, because the phase of the element feed Is directly related to its angular position. 



where Aq, A ^, B^, C^ and D ^^ are all real. Prom equations (5) and (6) it may be 
shown that 

2 = i[-4i + 5i - ;(5i - Ci)] 

(7) 

if = i[^i - iJi + ;(5i + Ci)] 

Since the relative phase of the radiation pattern is of no interest we need 
oonsider only the modulus of S or some function of it. The most convenient function 
is the square of the modulus, which is given by 

1^1 - [Aq + A^cos4>-\- Bisin0] + [C^cosc/) + D^sva.<pi] (8) 

We may write this expression in the form 

1^1 = ag + Oicosci + Ogcosg^ + bjsin^ + 62siii2<?i' (9) 

vAere Oq = /^o + s^-^i + Si + ^i + ^i) (10) 

oi = ZAqA^ (11) 02 = i(^i - bI + cl -5i) (12) 

61 = ZAqB.^ (13) br, - AiB-^ + C^Di C14) 

Equations (8) and (9) are therefore alternative forms of the power radiation pattern, 
and since they contain five coefficients, the relative field strength (or the 
relative power density) may be specified in five different directions.* Now the 
coefficients in equation (9) can be readily obtained from the specified values by 
solving five linear simultaneous equations and the radiation pattern may then be 
calculated for all other values of <f> from this equation. 

It is important to note that any set of coefficients which results in a 
negative value of \s\ for any value of <^ must be rejected, since it does not corres- 
pond to a realizable aerial. This is likely to happen if very small field- strength 
values are specified or if rapid variations of field strength with direction are 
demanded.** If this occurs, the specified values must be modified until |f | is 
positive for all values of 0; the coefficients of equation (9) then satisfy certain 
conditions which are discussed in the Appendix. 

To find the feed coefficients of the elements it is now necessary to deter- 
mine the coefficients of equation (8) from those of equation (9),° the procedure is as 
follows: 

From equations (11), (13) and (14) we have 



O.D. = 6, - AiBi 



2 

4^0 



*Tbe absolute field strengths do not need to be speoifled> All that are required are the 
ratios between the field strengths in fire different dlrectlonso 

**i.l though a ring aerial vhlch will satisfy sneh r eqnlrsmsot a may be possible, the feed 
distribution in Its elenents will not necessarily be of the type described here. 



Prom equations (10) and (12) 

Uq + a^ = Aq + Ai + Cj^ (16) 

aQ - a^ = Aq + b1 + d\ (17) 

Substituting equation (11) into equation (16) and rearranging, we liave 

2 

2 2 '^l 
Cl = Iq + "2 - ^o (18) 

Similarly from equations (13) and (17) 

^1 = fflQ - i2 - ^o \ (19) 

4:4o 

2 2 

We may now form and equate the product C^d^ from equations (15), (18) and 



(19), giving 






2- <^0 - "2 

4-^0 J L 



,2 "1 I I 2 ''l 1 , , 

+ 03-^0 2- ^o - "2 - -^o 2- (20) 

Uo J L 4^0 J 



r 2-1 2 

The term Lfli&i/4'4oJ i s common to both sides of this equation and cancels, leaving a 

2 
cubic in Aq, In the Appendix it is shown that a practical solution is possible only 

if this equation has three real roots, in which case they are all positive, but only 

the two smaller correspond to physically realizable solutions to the problem." The 

equation therefore yields two values for Aq^ which by definition is real and positive. 

The remaining coefficients may now be determined from equations (11), (13), 
(18) and (19). For each value of Aq there are two values (positive and negative) 
of (?! and i)i but as the signs of C^ and d.^ are related to each other by equation (14), 
there are only two solutions for each value of Aq^ or four in all. Thus the radia- 
tion pattern of equation (9) can be achieved by four different feed distributions," 
their calculation is straightforward, 2 and i? being determined from equations (7) 
and the feed coefficients from equations (5)„ 



3. APPLICATION OP THE METHOD TO RINGS OP DIPOLES MOUNTED ON A CYLINDER 

An application which is of particular interest is the synthesis of the 
h.r.p. of a v.h. f. broadcasting aerial. These aerials often consist of rings of 
dipoles placed round a mast; in many practical cases the latter may be assumed to be 
equivalent to an infinitely long conducting cylinder. 

A templet typical of those prescribed for Band I television transmitting 
aerials is shown in Pig. 2; the radiation pattern of the aerial is required to lie 
between the two closed curves. 

Investigation showed that by a suitable choice of the five specified field- 
strength values it was possible to obtain a pattern which satisfied the templet in all 
directions; the values which were chosen are given in Table 1 below. 



TABLE 1 



Specified values 









45° 


135° 


180° 


270° 


E 


I'OO 
I'OO 


1-00 

roo 


0-30 
0'09 


0-30 
0-09 


0-50 
0-25 



♦=o° 



*-270 




^ = 90° 



^ = 180" 

MINIMUM DESIRED FIEUO STRENGTH 

MAXIMUM PERMISSIBLE FIELD STRENGTH 

THEORETICAL HORIZONTAL RADIATION PATTERN 

O SPECIFIED VALUES 

Fig. 2 - Radiation pattern satisfying prescribed templet 

By substituting these values in equation (9) and solving the resulting five simul- 
taneous equations, the following values for the coefficients were obtained; 

Oq = 0-458 
a^ - 0'455 6i = 0°122 



a„ = 0-087 



0-134 



These coefficients satisfy the conditions for which a solution can be found (as 
stated in the Appendix) and give the radiation pattern shown in Fig. 2. 



Substitution of these values in equation (20) gives a cubic in Aq with 
three real roots. In the Appendix it is shown that the two smaller roots lead to a 
physically realizable solution of the problem; their values are 0*1234 and 0'2733 and 
the corresponding values of Aq are 0°35l3 and 0*5228. 



Bach value of Aq leads to a pair of solutions; the four solutions are 
designated 1(a), Kb), 2(a) and 2(b) and the corresponding coefficients are given in 
Table 2. 



TABLE 2 
Radiation Pattern Coefficients 





Solution Number 
1(a) Kb) 2(a) 2(b) 


^0 


0-3513 


0-5228 


^1 


0-6476 


0-4352 


Si 


0- 1736 


0- 1167 


Ci 


0-0467 


-0-0467 


0-2870 


-0- 2870 


Di 


0-4663 


-0-4663 


0-2899 


-0- 2899 



It is of interest at this stage to calculate the radiation patterns, in 
complex form, from equation (6). When plotted on the complex plane they appear as 
ellipses, as shown in Pig. 3» It will be seen that the amplitudes of all four 
radiation patterns are identical and correspond to Pig. 2. The two patterns corres- 
ponding to a particular value of ^q differ only in that their imaginary values are 
of opposite sign, but the two values of Aq give quite different ellipses; it will 
be noted that the origin is inside the ellipse in one case and outside it in the 
other. 

The coefficients of Q and R of equation (4) are aow calculated from equa- 
tions (7); their values are given in Table 3. 



TABLE 3 



Solution No, 


e 


R 


1(a) 


0-5570 -jO-0635 


0-0906 +io-iioi 


Kb) 


0-0906 -jO-1101 


0-5570 +;0-0635 


2(a) 


0-3626 +J0-0852 


0-0726 +;0-2018 


2(b) 


0-0726 +J0-2018 


0-3626 -;0-0852 



The coefficients given in Tables 2 and 3 define, in alternative ways, a 
radiation pattern passing through the five prescribed points. 

Up to this point no mention has been made of the type of radiating element, 
since the aperture distribution C8in be obtained from any type of radiating element 
whose radiation pattern satisfies the requirements of symmetry. The element pattern 
must now be taken into consideration to enable the feed distribution to be determined. 



jl-0 



•l-O 




-jO-5 



-jl-OL 

SOLUTION 1(a) 



jl'O 



jo-s 



-jos 




ISO' 



210' 



^240 



-jl-oL 
SOLUTION 2(a) 



ji-o 



-0-5 




-Jl-OL 

SOLUTION \(6) 



-1-0 



-o-s 



Jl-0 



jO-5 



2'S_o240' 



ISO' 




-jO-5 



-jl-Ol- 

SOLUTION 2(6) 



Fig. 3- Horizontal radiation patterns in complex form 

Let us suppose that the aerial consists of a ring of vertical dipoles 
mounted on a mast, the latter being assumed to be equivalent to a conducting cylinder. 
The radiation pattern of a single element has been shown ^ to be 



^o + Z y r^n cosn0 



n=i 



where 



^n = '^„(/3b) - JJiSa) 



cv 



n n 



n'^"-' (2) 



9 

(2) 

M denotes the Hankel function of the second kind of order n, b is the distance of 

n 

the dipole from the cylinder axis, a is the radius of the cylinder and /6 is the 
propagation constant of free-space. Comparing this expression with equation (1) it 
is seen that the complex coefficients of the element radiation pattern are given by 



^0 = 



i^x = jzr^ 



It 0a =0*5 and /3b = g'O radians (typical values for a Band I aerial), ^q and K^ have 
the following values". 



Kq = 0'2385 + ;'0*0535 



jfj = -0-1792 + il-0886 



The feed coefficients for the three superimposed ring aerials may now be calculated 
from equations (5);^ they have the values given in the table below. 



TABLB 4 



Peed coefficients for 


vertically polarized aerial 


Solution NOo 


1*0 


"i 


M_l 


1(a) 


0'270 -j0°570 


-0-278 -j0''978 


0- 170 -jO' 195 


Kb) 


0'270 -j0''570 


-0-223 -jO-129 


-0-050 -jl-015 


2(a) 


OMOg -j0''848 


0-046 -jO-674 


0-339 -jO-189 


2(b) 


0'402 -j0°848 


-0-382 -iO-070 


-0-259 -jO-624 



These four sets of coefficients enable the four feed distributions to be 
calculated using equation {2). Each distribution is the sum of the currents or 
voltages with which the three basic ring aerials must be driven in order to give the 
radiation pattern shown in Pig, 2; they may therefore be regarded as cylindrical 
aperture distributions. Thus a ring aerial consisting of an infinite number of 
elements driven according to one of these distributions will have a radiation pattern 
which is identical with that shown in Pig. 2. 

The four aperture distributions are shown in complex form in Pig. 4 and it 
will be seen that these again take the form of two pairs of ellipses. Since a 
finite number of elements must be used in practice, curves of the type shown in Pig. 4 
enable the most convenient arrangement of elements to be chosen. For example, Pig. 4 
shows that in solution 2(a) the current required in an element at = 180° is almost 
zero and in a practical aerial this element could be omitted altogether. This 
solution therefore offers a definite advantage over the other three solutions. 



The current in each element may be either the average value for the sector 
of the aperture which contains the element, or it may be the value for the actual 
position of the element; the latter value is the more convenient since it may be 
immediately determined from Pig. 4, 



10 




-2-0 -IS -lO 



-2-0 



-J2-OI- 

SOLUTION I (a) 




-jao- 
SOLUTION 2 (a) 









i20 














jl-5 














jl-0 




I80° 










jo-s 


■ / 


--0 ^ 


0210° 










OISO 


\ o 








/ 






240 




20 


-IS 


-lo -OS y 

120T 
1 -jC« 




0-S 


10 IS 


20 






90'' 


> 

-jl-0 




/ 


Loo" 








-V.,.s 


^ 


^30° 










30°^ ' 


¥ 














-i2-0 


. 









j20|- 




SOLUTION I 06) 



-J2-OL 

SOLUTION 2 (b^ 



Fig. 1^ - Aperture distributions 



The use of a finite number of elements means that the resulting pattern will 
deviate from that shown in Pig. 2. To illustrate the accuracy with which the 

idealized pattern may be reproduced, a number of patterns for different numbers of 
elements fed with currents corresponding to their actual positions (rather than values 
averaged over a sector) were calculated on an analogue computer;' the results are 
shown in Pig. 5. It will be seen that the agreement obtained with the use of eight 
elements is good, with six it is reasonable but with four it is rather poor. The 
number of elements which must be used to obtain good agreement depends on the ring 
radius and with a larger ring more elements will be required. 



The necessity for using an almost continuous ring of elements to obtain a 
close approximation to the required radiation pattern can possibly be overcome by 
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^ = 0,45° ETC. 
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<*= 0,60° ETC. 
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<*= 3d^ 90° ETC. 
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* = 0.90° ETC. 



4 ELEMENTS AT 
<t> = 45°. I3S° ETC. 



m 













2&) 








2(b) 








Fig. 5 - Horizontal radiation patterns obtained with 
finite numbers of elements 

The broken line shows the radiation pattern which would be 
obtained with an infinite number of elements 



using an alternative approach. In this method a finite number of elements would be 
postulated and their feed currents or voltages denoted by complex coefficients. The 
expression for the resulting radiation pattern (with higher-order terms neglected) 
would then be compared with each of the four solutions of equation (6) in turn, 
thereby yielding four sets of feed coefficients. Whether this method is feasible 
and if so, whether the approximations involved cause the resulting pattern to differ 
appreciably from the specified pattern, has yet to be investigated. 



4o CONCLUSIONS 

The design of television transmitting aerials is usually carried out on a 
trial and error basis; h.r.p, calculations are repeated, for different radiating 
element arrangements, until a satisfactory result is obtained. 



Ig 

An alternative synthesis method is described in this report which enables 
the feed parameters for ring aerials to be determined when the field strength is 
specified in five arbitrarily chosen directions. The method may be used for v, h. f. 
broadcasting aerials consisting of rings of dipoles or slots, when directional h.r.p.s 
are required. A single radiation pattern results from the method but this may be 
obtained with any of four different sets of feed parameters; the most convenient of 
these feed arrangements may thus be chosen. 

The fact that the synthesis method leads to several solutions for the feed 
parameters suggests that a number of solutions can also be found by the trial and 
error method. Only one solution is usually found in this way., however, and it may 
not be the most convenient one to achieve in practice| the choice of solutions 
offered by the synthesis method is therefore an advantage., The fact that the method 
leads to a continuous aperture distribution is a disadvantage, since it requires that 
each ring should contain a sufficient number of elements to approximate to a con- 
tinuous ring. Moreover it does not reveal the fact that the desired radiation 
pattern can sometimes be achieved by a much simpler aerial system. For this reason 
its usefulness, when applied to the design of Band I and II aerials, i„e. those com- 
prising rings of less than one wavelength diameter, is somewhat limited, and the trial 
and error method is preferable. In the u.h.f, band, however, where larger rings may 
be required, the method may have a useful application. 
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APPENDIX 

The conditions which the radiation pattern coefficients must 
satisfy in order that a solution may he found 

A solution to the synthesis problem discussed in this report can only be 
found if |f| is positive for all values of (p. The coefficients of equation C9) must 
therefore satisfy certain conditions which are discussed beloWo 

Equation (9) may be written in the form 

1^1 = Oq + *iCos6'i + fe2COS ^2 (21) 



where /"i 7i~ /"5 ~2 



and 6 1 and 62 are functions of (p and of the coefficients of equation (9)° cos^i and 
0036*2 can have any value between -1 and 1. 

The value of \S\ cannot be less than aQ-fej-feg Etnd will therefore always 

I 1 2 
be positive if Oq > Ai+feg- On. the other hand, it can be easily shown that \E\ is 

boiind to be negative for some values of <fe if the difference between k^ and k^ is 

greater than Oq . However, if fflg lies in the range 

it is possible for \i\ to be positive for all values of 0; this case will therefore 
be considered in greater detail. 

First it is necessary to determine which of the roots of equation (20) 

2 
correspond to valid solutions. This equation is a cubic in Aq and it may have either 

one or three real roots. Negative roots must be excluded since A q Is hj definition 

real. 

2 2 

The right-hand side of the equation is the product of (7j_ and D^t these 

2 
quantities are given by equations (18) and (19). The behaviour of Ci as a function 

2 . . 2 

of Aq is shown in pig. 6," the behaviour of i)i is similar. Since C^ and Aq are real 

2 2 

by definition, a solution is only possible if C^ is positive when Aq is positive. 

Prom equation (18) it may be shown that this will occur if a-, is less than ( ao + a,) : 
2 . 2 w ^ J 

Ci is then positive when Aq lies in the range 



Oq + Oj 



/(ao + Og) -Oj < Aq < i \ aQ + a^ + /( ag 



. 2 



_ 2 22 

Similarly D^ must be positive for some positive values of Aq', this will occur when Aq 

lies in the range 

i|^ Oq - 05 - /(Oo - Og)^ - bl J< ^0 < 3 «o- 3 2+ i/'^o - "2)^ - &? J 

2 2 

provided fe^ is less than ( Oq - Oj) . 

A valid solution, however, can occur only if C^ and 5^ are simultaneously 
is positive. In other words, the two ranges for Aq stated above must 
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overlap. It may be shown that this condition is satisfied if 



4a2< /(ao + Oj)^ - a^ + /( Oq - Oj) ^ - bf 



2 2 

The product of C^ and D^, which is the right-hand side of equation (20), is 
plotted in Fi^. 7 as a function of Aq, together with the left-hand side of equation (20). 
The intersections of the two curves correspond to the roots of this equation; the 
oases in which there are one and three real roots are illustrated separately. 

Pig. 7 shows that the larger of the three 
real roots, or the single real root when there is 

2 2 

only one, occurs when C-^ and Oj are both negative* 
and must therefore be excluded. Thus valid 
solutions can only occur when equation (20) has 
three real roots. This is not a sufficient 
condition because three real roots are still 

2 

possible even when the positive ranges of C^ and 

2 

Pi do not overlap. However, if the positive 

2 2 

ranges of C^ and D^ do overlap, a solution will 
exist provided equation (20) has three positive 
Fig. 6 real roots. 





(a) One real root 




(i>) Three real roots 



Fig. 7 

— ^— r.h.s. of equation (20) 
— — l.h.s. of equation ( 20 ) 



Equation (20) may be written in the form 



6 4-2 

^O + k^o + fM^o + V -0 



(22) 



where \ - -Qa^ 

2 2 ^2 , , 2 ,2^ 

jj. = Oq ~ «2 ~ b2+S(Oi + Oi) 

y =-ii [ai(ao - 05) + bi(ao + a^) - Za^bib^] 

2 

This is a cubic in Aq which may have either three real roots or one real and two com- 
plex roots. 



Their product Is therefore posltlre. 
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Equation (88) may be transformed into an equation of the form 

x^ -ir qx + r = (23) 

where Q - /J' 

8 A. kfJ, 
''= 27 ' 3" +^ 

by making the substitution Aq = x - k/3. Now X. is real, since >^ = -Zhq and Oq is real,' 
thus if X is real the corresponding value of Aq must also be real. Consequently, if 
equation (83) has three real roots, equation (82) must also have three real roots. 

Equation (23) is the standard form of the cubic equation and it may be 
shown^ that it has three real roots if 

It may also be shown that, if this condition is satisfied, the three roots must lie in 
the range 



- / - <?/3 <: X ^ / - <?/3 (25) 

It should be noted that, if condition (84) is satisfied, q must be negative. Con- 
sequently / ~ q/3 is realj the positive root is assumed. 

Since Aq = x-k/3, it follows that the three roots of equation (28) must lie 
within the range 

- / - <?/3 - \ /3 ^ ^ o 4 / - 9/3 - A. /3 (26) 

Thus the roots will all be positive if 



- / - q/3 -K/3 > (27) 



Substituting for q we may write this inequality in the form 



[A^..] 



3 I V- . X - I > (2Si 



Since /- 7/3 is real and positive, Yl-3fj./k must also be real and positive. Thus the 
term inside the bracket in (88) is positive. Now k - -809, and a^ is positive, since 
the case in which Oq is greater then [fei-fejl is heing considered.* \ is therefore 
negative, both the factors of (88) are positive and the inequality is satisfied. 
Equation (88) therefore has three positive real roots, of which the two smaller 
correspond to valid solutions to the problem. 

The conditions which determine whether the problem has a solution may be 
summarized as follows; 

*! and ^2 """^ defined belair equation (21). 
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are satisfied 



If Oq > fe J, + fej a solution always exists 

If ao< |fei - fegl a solution is not possible 

If |fei - k2\< ao<''i+^2 ^ solution can be found if the following conditions 



2 2 

a^ < ( Oq + a^) 



2 2 



2 
40^ < 



I /( Oq + Oj) ^ - a.\ + /( Oq - «2) ^ - &i 



where c? and r are functions of ao) ^li etc. and may be deduced from the relations given 
given below equations (22) and (23). 
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